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8'0("9"&/0.*123*7"5,.09"&/*&:*0*;<*7$&6=*
9'">.)%>&"/9*?")50//*>'&@.)5*

A,').4*20#'0/#"0/*7"5,.09"&/*B"9$*$"#$%
&'()'*CD%CE*6,'-"."/)0'*F/"9)*).)5)/97*

I+4J*7"1(,K$

)#+/*$

5@%$41/7'*"1L+"1(,$+))'(+7#*/$7(,/1/"$(DM$

•  @+.'+,.*$)#+/*$

•  0*/#$()"101L+"1(,$/"*)$

•  N*24$'*0+)$/"*)$

•  0&2"1A0+"*'1+2$L(,*$"'*+"0*,"$/"*)$
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;+-./)%&"%#4:%'+(+,"$%#1$-%$,-+$,#&+34%"5+6$5+),3#,""&#$#7$54.+,-#
$44:%$5"#<$&'"45+),=#*.$3"#

thermodynamic 
basis 

G  H&.)-*0/(*?")@)/I*5$=*,/('$5'"1N71+2$91/7(/1"?$O/1,.$$+$$P1,1"*$%2*0*,"$5))'(+7#I*!"#I*$%%&J*
K  <&@')-I*3.."7I*H&.)-*0/(*?")@)/I*-&'J121,*+'$N,1"*$*2*0*,"/$D('$@+.'+,.1+,$#?4'(4?,+017/I*'!()*I*LMNOO%O;PQO;RM%OSOTI*$%+%J*
U  <&@')-I*H&.)-*0/(*?")@)/I*Q1.#$('4*'$7&'J121,*+'$N,1"*$*2*0*,"$0*"#(4/$D('$@+.'+,.1+,$#?4'(4?,+017/I*,',"I*$%+$J*
V  <&@')-I*3.."7I*H&.)-*0/(*?")@)/I*Q1.#$('4*'$7&'J121,*+'$N,1"*$*2*0*,"/$D('$+R1/?00*"'17$@+.'+,.1+,$#?4'(4?,+017/I*"-*I*$%+$J*
W  <&@')-I*H&.)-*0/(*?")@)/I*Q1.#$('4*'$7&'J121,*+'$N,1"*$*2*0*,"/$D('$$*2+/"17A)2+/"17$@+.'+,.1+,$4?,+017/I*!"#I*./01234456PJ*
X  Y21Z8M$Q1.#A('4*'$7&'J121,*+'$N,1"*$*2*0*,"$7(4*$D('$@+.'+,.1+,$/#(7F$#?4'(4?,+017/I*$99>Q[[BBBJ../.J#&-[6076[@.079**
\  ]^3]M*S+'+22*2$N,1"*$*2*0*,"$41/7'*"1L+"1(,$21>'+'?I*$99>Q[[5:)5J#&&#.)6&()J6&5**
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kinematic 
basis 

V*$#+J*$4*J*2()*4$W@56=$A$+$#1.#A('4*'$'*/*+'7#$

@+.'+,.1+,$#?4'(7(4*$D*+"&'1,.M$

•  -&'J121,*+'$0*/#$L(,*/$

•  Q1.#A('4*'$F1,*0+"17$+,4$"#*'0(4?,+017$N*24/$

•  %R+7"$7(,/*'J+"1(,$(,$/*01A41/7'*"*$2*J*2$

•  P@XSA1,"*,/1J*$,&0*'17+2$F*',*2$

•  Y*,*'+21L+"1(,/$(D$72+//17+2$6YQ$/7#*0*/$
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;+-./)%&"%#1$-%$,-+$,#3+7:($5+),3#4$,#3:**)%5#">5%"7"#4:%'$5:%"?#
@:5#5."#3+7:($5+),#5+7"/35"*3#@"4)7"#5))#37$((#

123%1]?*7"5,.09"&/*&:*?8*"/790@"."94* !"#$%&'()'*20#'0/#"0/*7"5,.09"&/*"/*Y21Z8* +.&7)%,>*&:**9$)*CD*6,'-"."/)0'*_&/)7*
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A%+)%#B)%C#%"($5"&#5)#4:%'+(+,"$%#7"3.#)*5+7+6$5+),#$,&#.+-./
)%&"%#D"(&#%"7$*#

!  =#*'*$#+/$>**,$0&7#$E('F$(,$0*/#$'*2+R+"1(,$1,$"#*$7(,"*R"$(D$2(EA$

('4*'$0*/#*/$B1H*H$T:$0*/#*/$E1"#$/"'+1.#"$*4.*/C8$1,72&41,.M$

•  %G&1)("*,"1+2$'*L(,1,.$B`"/7.&BI*+'&B.)4C$

•  Z*D*'*,7*$[+7(>1+,$>+/*4$/0(("#1,.$B]0'#&."/I*H/,>>I*Z$07$=&-C$

•  3*/G&1"*$21>'+'?M$EEEH7/H/+,41+H.(J\()"101L+"1(,\F,&))\3*/G&1"*H#"02$$

!  =#*'*$#+/$+2/($>**,$+$2("$(D$'*/*+'7#$(,$7(,/*'J+"1J*$+,4$0(,("(,17$

N*24$'*0+)$B0(/"2?$1,$"#*$2(E*'A('4*'$7+/*C8$/&7#$+/M$

•  -*22A7*,"*'*4$'*0+)$/7#*0*/$B]0"')I*2&,@)')I*Y0'.&BC$

•  -(,/*'J+"1J*$'*0+)$J1+$(J*'2+?/$+,4$/E*)"$J(2&0*/$BY0".)48*Z$07$=&-I*H,6$0'"=C$

•  P2&R$7(''*7"*4$"'+,/)('"$BH,_5"/I*8,')=8$Z6&-0__"C$

•  X)"101L+"1(,$>+/*4$'*0+)$BY&6$)-I*?"_(0.I*Z6&-0__"I*Z$07$=&-C$

!  =#*'*$+'*$+2/($+2"*',+"1J*$+))'(+7#*/$/&7#$+/$Z*5@%$>+/*4$(,$7#+,.1,.$
"#*$2(7+2$0*/#$7(,,*7"1J1"?$B2&,@)')I*]0"')I*Z$07$=&-I*Y')".I*a0.)'0CH$

!  V*$E+,"$"($*R"*,4$"#*/*$14*+/$"($"#*$.*,*'+2$#1.#A('4*'$7+/*H$
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;$%7),+4#4:%'+(+,"$%#7"3.#)*5+7+6$5+),#
!  3*/#$()"101L+"1(,$1/$,**4*4$1,$5@%$"($+22*J1+"*$/0+22$"10*$

/"*)/8$)(('$+))'(R10+"1(,$+,4$,(,A)#?/17+2$>*#+J1('H$

!  =#*$.(+2$1/$"($10)'(J*$"#*$7&''*,"$0*/#$E1"#$'*/)*7"$"($+$
41/"('"1(,A'*2+"*4$G&+21"?$0*"'17H$

!  Q+'0(,17A"?)*$0*/#$'*2+R+"1(,$1/$>+/*4$(,$.&60.*0-)'0#"/#$
(D$#1.#$('4*'$0*/#$,(4*/H$

x0

x1

x2

xn+1 = xn +M−1(f − Lxn)!  Y*,*'+2$D('0M$

!  =#*$0*/#$@+)2+71+,$1/$+$"()(2(.17+28$L*'($'(E$/&0$0+"'1R$"#+"$/)*71D?$"#*$+J*'+.1,.$

/"*,712$+,4$E*1.#"/$"#'(&.#$1"/$(]A41+.(,+2$*,"'1*/H$

!  P('$+$&,1D('0$T:$0*/#$E1"#$*G&+2$E*1.#"/8$$$$$1/$+$^&/"$"#*$/7+2*4$_\`A)(1,"$@+)2+71+,H$

!  =#*$'*2+R+"1(,$7(,J*'.*/$"($"#*$$$$A$#+'0(,17$*R"*,/1(,$(D$"#*$>(&,4+'?$,(4*/$"($"#*$

1,"*'1('8$>&"$"#*$/0(("#*'$$$$$$1,a&*,7*/$"#*$)+"#$"($7(,J*'.*,7*H$X"#*'$D+7"('/M$

,&0>*'$(D$1"*'+"1(,/8$&/1,.$S-Y$1,/"*+4$(D$/10)2*$1"*'+"1(,8$P%3$>+/1/$BW*',/"*1,CH$

E#*'*$**$1/$+$I#1.#A('4*'$0*/#$@+)2+71+,K$+,4$$$$*$1/$+$/0(("#*'\)'*7(,41"1(,*'$D('$$$$H$L M L

L

L
M
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(SE)ij =

�

�E
J−1
E ∇ϕ̂i · J−1

E ∇ϕ̂j |JE | �→

:H  O/*$P%3$/)+'/1"?$"($7(,,*7"$"#*$#1.#A('4*'$,(4*/$E1"#$*G&+2$E*1.#"/$

—  =#1/$4(*/,b"$"+F*$1,"($+77(&,"$"#*$"#*$41]*'*,7*/$>*"E**,$*2*0*,"A8$D+7*A8$*4.*A$+,4$J*'"*RA+//(71+"*4$

#1.#A('4*'$,(4*/$

<H  5//*0>2*$#1.#A('4*'$/"1],*//$0+"'1R$>?$1.,('1,.$"#*$"'+,/D('0+"1(,$"($"#*$'*D*'*,7*$*2*0*,"$

—  3+))1,.$"($"#*$'*D*'*,7*$*2*0*,"$+,4$1"/$[+7(>1+,M$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$8$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$8$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$H$

—  @(7+2$/"1],*//$0+"'1R8$+,4$0*/#$@+)2+71+,$>+/*4$(,$1"/$)&'*2?$"()(2(.17+2$J*'/1(,M$

$

UH  O/*$"#*$"#*$I41/7'*"*$.'+41*,"K$>*"E**,$"#*$#1.#A('4*'$N,1"*$*2*0*,"$/)+7*/H$

—  @*"$$$$$$$$$$$$$$$$$$$$$$$+,4$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$>*$"#*$#1.#A('4*'$,(4+2$+,4$c*4*2*7$P%3$/)+7*/H$

—  =#*$I41/7'*"*$.'+41*,"K$$$$$$1/$"#*$0+"'1R$'*)'*/*,"+"1(,/$(D$"#*$0+))1,.$

—  c("*$"#+"$$$$$$1/$+$"()(2(.17+2$0+"'1R8$E#17#$1/$1,4*)*,4*,"$(D$"#*$,(4*$7(('41,+"*/H$

—  Y2(>+22?$4*N,*4$0*/#$@+)2+71+,M$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$H$$

xTL2x =
�

E

xT
E
�SxT

E =
�

E

�

�E
∇ΦE : ∇ΦE

L3 = GTG

Sh ⊂ H
1

Vh ⊂ H(curl)

ϕh ∈ Sh �→ ∇ϕh ∈ Vh

;+-./)%&"%#7"3.#1$*($4+$,3#$,&#37))5."%3#

=#*'*$+'*$41]*'*,"$+))'(+7#*/$"($4*N,*$"()(2(.17+2$0*/#$@+)2+71+,/$D('$#1.#A('4*'$0*/#*/M 

60(("#*'$7#(17*/M 
:H  d1+.(,+2$2:A[+7(>1$

—  Y((4$D('$/?00*"'?8$>&"$/2(E$"($7(,J*'.*H$P'(0$$4>')b7*536$/(2J*'$

<H  @(EAD'*G&*,7?$)'*/*'J1,.$)(2?,(01+2$N2"*'$

—  ]J*Y)'/(9*0/(*cJ*+0'.7&/8$O/1,.$S(2?,(01+2$P12"*'1,.$D('$Z*L(,1,.$1,$5@%8$3&2"10+"$e::H$

G
G

ΦE : �E → E JE(x̂) = ∇ΦE(x̂)ΦE(x̂) =
�

i

xE,iϕ̂k (̂i)
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;$%7),+4#%"($>$5+),#4$,#+7*%)'"#7"3."3#8%)7#$%@+5%$%9#.+-./
)%&"%#1$-%$,-+$,#.9&%)#4$(4:($5+),3#

80/#)/9"0.*2;*75&&9$"/#*&:*S<*
9'">.)%>&"/9*7$&6=*C;*5)7$*

NOMT*"9)'09"&/7PJ*

804.&'%a'))/*C;*5)7$*B"9$*dd.&/#%
B0-).)/#9$ee*0/(*'0/(&5*dd7$&'9%

B0-).)/#9$ee*>)'9,'@09"&/*

2S*20>.06"0/*B"9$*
("0#&/0.*75&&9$)'*

N;T*"9)'09"&/7P*
*

2S*20>.06"0/*B"9$*
>&.4/&5"0.*75&&9$)'*

N;T*"9)'09"&/7P*
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B7(,"1,&(&/$D('0$(D$"#*$<d$,(4+2$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$C$�J�2/(2 det J)− 1E#*'*$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$H$

E#*'*                                                   . 

E,'"%3"/.$%7),+4#4:%'+(+,"$%#7"3.#)*5+7+6$5+),#
!  Q+'0(,17$/0(("#1,.$1/$+,$1,"*.'+2$01,101L+"1(,$)'(>2*0M$

W (J) ≡ 1

2
(J : J) =

1

2
tr
�
JTJ

�

min
xI

�
1

2
xTLx

�
= min

xI

�
1

2

�

E

�

�E
∇ΦE : ∇ΦE

�
= min

xI

�

E

�

�E
W (JE(x̂)) dx̂

!  =#*$1,J*'/*A#+'0(,17$B-'(E2*?\V1,/2(EC$0*"#(4$01,101L*/$"#*$.'+41*,"$,('0$(D$"#*$

1,J*'/*$0+)/M$

W (J) ≡ 1

2
det(J) tr(J−TJ−1)

!  Y*,*'+2$,(,21,*+'$/0(("#1,.$1"*'+"1(,$

xn+1 = xn
− [HF (xn)]−1

∇F (xn)

min
xI

F (x) ≡ min
xI

�
1

2

�

E

�

E
∇
�
Φ−1

E

�
: ∇

�
Φ−1

E

�
�

= min
xI

�

E

�

�E
W (JE(x̂)) dx̂

!  P1,1"*$*2*0*,"/$*,+>2*$&/$"($01,101L*$(,$D&,7"1(,+2$2*J*28$1H*H$E*$+//*0>2*$*R+7"2?$"#*$

D&,7"1(,+2$P8$1"/$.'+41*,"8$*"7H$*2*0*,"A>?A*2*0*,"$>+/*4$(,$VH$

!  Q*//1+,$1/$1,J*'"*4$E1"#$(,*$(D$"#*$0*"#(4/$&/*4$D('$#+'0(,17$/0(("#1,.H$

!  X"#*'$7#(17*/$D('$V$B*H.H$,(,A21,*+'$*2+/"171"?C$+'*$)(//1>2*H$

B7(,"1,&(&/$D('0$(D$"#*$,(4+2$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$C$$$$$$$$$$$$$$$$$$$$$$$$$�J�2 − 2 det J
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F),(+,"$%#7"3.#37))5.+,-#4$,#*%)'+&"#$&&+5+),$(#%)@:35,"33#),#
'"%9#&"8)%7"&#-%+&3#

!0'5&/"6*75&&9$"/#*
N2;I*;TT*"9)'09"&/7P*

?04.)"#$%804.&'*Cf*
5)7$*

c&/."/)0'*75&&9$"/#*N;T[;TT*"//)'[&,9)'*"9)'09"&/7P*

g'"#"/0.*5)7$* !0'5&/"6*75&&9$"/#*

c&/."/)0'*75&&9$"/#*
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Advection phase (�c = −�vm)

Momentum Conservation:
d(ρ�v)

dτ
= �vm ·∇(ρ�v)

Mass Conservation:
dρ

dτ
= �vm ·∇ρ

Energy Conservation:
d(ρe)

dτ
= �vm ·∇(ρe)

Mesh velocity: �vm =
d�x

dτ

W("#$)#+/*/$

"  0+"*'1+2$4*'1J+"1J*$>+/*4$(,$

)+'"172*$"'+^*7"('1*/$

$

"  d*D('01,.$"*/"$D&,7"1(,/$

"  Z*?,(24/$"'+,/)('"$"#*('*0$

∂

∂t

�

U(t)
ρ =

�

U(t)

dρ

dt
+ ρ∇ · vm

G."#$&'"45+),#*.$3"#4$,#@"#'+"B"&#$3#$#<*3":&)/5+7"=#">5",3+),#
)8#5."#1$-%$,-+$,#7)5+),#

@+.'+,.1+,$)#+/*$

#  0*/#$0("1(,$

4*"*'01,*4$>?$

)#?/17+2$J*2(71"?$

#  "10*$$$$*J(2&"1(,$

54J*7"1(,$)#+/*$

#  +'"1N71+2$0*/#$

0("1(,8$4*N,1,.$

"#*$0*/#$J*2(71"?$

#  I)/*&4(A"10*K$$$$$

*J(2&"1(,$

Lagrangian phase (�c = �0)

Momentum Conservation: ρ
d�v

dt
= ∇ · σ

Mass Conservation:
dρ

dt
= −ρ∇ · �v

Energy Conservation: ρ
de

dt
= σ : ∇�v

Equation of Motion:
d�x

dt
= �v

dρ

dt
≡ ∂ρ

∂t
+ vm ·∇ρ

t τ

dψ

dt
= 0

t = 0

τ = 0

τ = 0.5

τ = 1

t = 1.5

t = 3.0
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∂

∂τ

�

Ω
ρψ =

�

Ω

d

dτ
(ρψ) + ρψ∇ · u =

�

Ω
u ·∇ρψ + ρψ∇ · u =

�

Ω
∇ · (ρu)ψ

∂M

∂τ
= (A+ S) + (A+ S)T

3+"'1R$D('0$+//&01,.$"'1+2$+,4$"*/"$D&,7"1(,$1,$"#*$/+0*$P%3$/)+7*$E1"#$0+//$0+"'1R$$$$$$$M$ 

H+34),5+,:):3#I$("%C+,#B"$C#8)%7:($5+),#)8#*3":&)/5+7"#
$&'"45+),#)8#&+34),5+,:):3#D"(&3#
%2*0*,"AE1/*$E*+F$D('0&2+"1(,$(D$)/*&4(A"10*$+4J*7"1(,$>+/*4$(,M$

21,*+'$0("1(,$B$$$$$$$$$$$$$$$$C8$)/*&4(A"10*$Z==$+,4$4*D('01,.$"*/"$D&,7"1(,/$

 

dρ

dτ
= u ·∇ρ

∂

∂τ

�

Ω
ρψ = −

�

T∈T (τ)

�

T
ρu ·∇ψ +

�

f∈Fi(τ)

�

f
(u · nf ){ρ}[[ψ]]−

1

2

�

f∈Fi(τ)

�

f
|u · nf |[[ρ]][[ψ]]

=
�

T∈T (τ)

�

T
∇ · (ρu)ψ = −

�

T∈T (τ)

�

T
ρu ·∇ψ +

�

∂T
ρu · nψ

d1/7(,"1,&(&/$Y+2*'F1,$0*"#(4$E1"#$Y(4&,(J$B&)E1,4C$a&R$

 

= −
�

T∈T (τ)

�

T
ρu ·∇ψ +

�

f∈Fi(τ)

�

f
{ρ(u · nf )}[[ψ]] +

�

f∈Fi(τ)

�

f
[[ρ(u · nf )]]{ψ}

vm= u

M

S'()*'"1*/M$$$$$$$$$$$$$$$$$$$$$$$$ AT1 = 0∂

∂τ
(Mρ) = Aρ
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d(ρv)

dτ
= u ·∇(ρv) �→ ∂

∂τ

�

Ω
ρ(v · w) = −

�

Ω
ρ(u ·∇w · v)

;+-./)%&"%#HI#$&'"45+),#$(-)%+5.73#8)%#4),3"%'$5+'"#$,&#
$44:%$5"#%"7$*#

∂ρ

∂τ
= −M−1(AT + 2S)ρ

5&5)/9%@07)(*
:&'5,.09"&/*

m(τ) ≡
�

Ω(τ)
ρψ = Mρ

∂m

∂τ
= AM−1m

:,/69"&/%@07)(*
:&'5,.09"&/*

0+//$7(,/*'J+"1(,$

)'*/*'J+"1(,$(D$7(,/"+,"/8$21,*+'/$

!  P1,1"*$*2*0*,"$D&,7"1(,/$+'*$'*0+))*4$>?$1,"*.'+"1,.$"#*$+>(J*$Xd%/$1,$)/*&4(A"10*H$

!  =#*$"E($+))'(+7#*/$+'*$"#*$/+0*$(,$/*01A41/7'*"*$>&"$41]*'$(,$D&22?A41/7'*"*$2*J*2H$

!  3+//$7(,/*'J+"1(,$f$7(,/"+,"$)'*/*'J+"1(,$7+,$>*$+7#1*J*4$(,$D&22?A41/7'*"*$2*J*2$>?$1,"*.'+"1,.$

"#*$0+//$0+"'1R$1,$)/*&4(A"10*H$

!  5$/)+7*A"10*$dY$0*"#(4$'*2+"*4$"($"#*/*$+))'(+7#*/$7+,$>*$J1*E*4$+/$#1.#A('4*'$.*,*'+21L+"1(,$
(D$"#*$72+//17+2$I/E*)"AJ(2&0*K$0*"#(4H$

9*2(71"?$'*0+)M$)/*&4(A"10*$+4J*7"1(,$(D$0(0*,"&0$&/1,.$7(,"1,&(&/$P%3$/)+7*$

 

g%$'*0+)M$)/*&4(A"10*$+4J*7"1(,$(D$4*,/1"?AE*1.#"*4$1,"*',+2$*,*'.?$&/1,.$41/7(,"1,&(&/$P%3$

 

7(,/*'J+"1(,$(D$0(0*,"&0$

d(ρe)

dτ
= u ·∇(ρe) �→ ∂

∂τ

�

Ω
ρ(eψ) = −

�

T

�

T
ρ(eu ·∇ψ) +

�

f

�

f
(u · nf ){ρe}[[ψ]]−

1

2
|u · nf |[[ρe]][[ψ]]
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!  T<AT:$0*"#(48$D&22$0*/#$'*2+R+"1(,$B:;;$1"*'+"1(,/C8$<;$Zhi$/"*)/$$

!  )'*/7'1>*4$/0(("#$0*/#$41/"('"1(,8$

J"7$*#)8#*%"34%+@"&#37))5.#D"(&3#),#37))5.(9#&+35)%5"&#-%+&#
K*$%$(("(#+7*("7",5$5+),#B+5.#LMG)7)'?#G0NOP#

()/7"94* 7>))(*

ρ = e = 1.5 + sinπx sinπy
v{x,y} = π/2 + arctan(20({x, y}− 0.5))
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V*$.*"$Q,&#)%&"%#4),'"%-",4"#8)%#$((#D"(&3#&,4*'$0*/#$'*N,*0*,"$BE*$2(/*$(,*$('4*'$1,$"#*$J*2(71"?$

7(0)+'*4$"($P%3$)'(^*7"1(,CH$V*$.*"$R5.#)%&"%#%"7$*#"%%)%#D('$0+//8$0(0*,"&0$+,4$"("+2$*,*'.?H$

S),'"%-",4"#$,&#"%%)%3#8)%#5."#%"7$*#)8#*%"34%+@"&#37))5.#D"(&3#
),#37))5.(9#&+35)%5"&#-%+&#B+5.#TQ/TU#3*$4"3#
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!  T<AT:$0*"#(48$D&22$0*/#$'*2+R+"1(,$B:;;$1"*'+"1(,/C8$U;$Zhi$/"*)/8$,($+'"1N71+2$J1/7(/1"?H$

!  610&2"+,*(&/$'*0+)$(D$W@56=A7(0)&"*4$@+.'+,.1+,$#1.#A('4*'$0*/#$+,4$N*24/H$

$

QH#G$9()%/I%"",#')%5">#%"7$*#+,#V10WG#

)/)'#4I*9hTJM* 7>))(I*9hTJM*
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V*$.*"$Q,&#)%&"%#4),'"%-",4"#8)%#$((#D"(&3#&,4*'$0*/#$'*N,*0*,"8$7(,N'01,.$"#+"#######################################
9$)*123*')50>*5096$)7*9$)*066,'064*&:*9$)*20#'0/#"0/*5)9$&(H$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

V*$.*"$">$45#7)7",5:78$+,4$R5.XY5.#)%&"%#%"7$*#"%%('$D('$0+//$+,4$*,*'.1*/H$

S),'"%-",4"#$,&#"%%)%3#8)%#5."#QH#G$9()%/I%"",#')%5">#%"7$*#+,#
V10WG#B+5.#TQ/TU#3*$4"3#



Lawrence Livermore National Laboratory 18 

!  TiATU$0*"#(48$D&22$0*/#$'*2+R+"1(,$B<;;$1"*'+"1(,/C8$_;$Zhi$/"*)/8$,($+'"1N71+2$J1/7(/1"?H$

!  Q1.#A('4*'$N*24/$*,+>2*$+77&'+"*$'*)'*/*,"+"1(,$(D$/#+')$"'+,/1"1(,/$1,/14*$"#*$L(,*/H$

!  V*$.*"$#1.#*'A('4*'$'*0+)$*''('$D('$0+//8$0(0*,"&0$+,4$"("+2$*,*'.?H$

$

QH#W+,-("/7$5"%+$(#J$9("+-./G$9()%#+,35$@+(+59#%"7$*#+,#V10WG#

()/7"94I*9hS*



Lawrence Livermore National Laboratory 19 

!  TiATU$0*"#(48$D&22$0*/#$'*2+R+"1(,$B<;;$1"*'+"1(,/C8$_;$Zhi$/"*)/H$

!  S'*2101,+'?$0&2"1A0+"*'1+2$'*/&2"/H$@+7F$(D$0(,("(,171"?$2*+4/$"($&,4*'/#(("/$1,$4*,/1"?H$

!  =#*$'*0+)$/**0/$"($#+,42*$'*+/(,+>2?$E*22$"#*$)'*/*,7*$(D$/#(7F$+,4$0+"*'1+2$1,"*'D+7*/H$

$

QH#W.)4C#5%+*("/*)+,5#+,5"%$45+),#+,#V10WG#

()/7"94I*9hO*
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!  3(,("(,171"?$7(,41"1(,M$

G)#",3:%"#7),)5),+4+59#8)%#&+34),5+,:):3#D"(&3?#B"#$%"#">*()%+,-#
+&"$3#8%)7#5."#ZSG#4)77:,+59##

C;*')50>*&:*0*79)>*:,/69"&/*

Kij ≥ 0 ∀j �= i

∂ρi
∂τ

=
�

j �=i

Kij (ρj − ρi)

E1"#$

!  g,$"#*$2(E*/"$('4*'$7+/*8$"#1/$#(24/$

D('$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$H$$

 

K = −M−1(AT + 2S)

!  g,$"#*$#1.#A('4*'$7+/*8$1"$7+,$>*$

*,/&'*4$>?$I41/7'*"*$&)E1,41,.K$>&"$

"#+"$1/$"(($41]&/1J*H$

!  52.*>'+17$a&RA7(''*7"*4$"'+,/)('"$

Bh&L01,$j$=&'*F8$<;;_CM$

0.#)@'0"6*^+8*

!  V*$#+J*$+4+)"*4$"#1/$"($#1.#A('4*'$

41/7(,"1,&(&/$/)+7*/8$>&"$0('*$E('F$1/$

,**4*4$B0+//$2&0)1,.8$P%3$>+/1/8kC$

∂ρi
∂τ

=
�

j �=i

(Kij + (1− φ(rij))Dij) (ρj − ρi)

("76')9)*,>B"/("/#*
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S:%%",5#$,&#8:5:%"#B)%C#

!  S'*2101,+'?$'*/&2"/$E1"#$#1.#A('4*'$5@%$

'*0*/#f'*0+)$+'*$)'(01/1,.H$

!  3('*$E('F$1/$,**4*4$"(M$

•  *,/&'*$0(,("(,171"?$(D$"#*$'*0+)$(D$#1.#A('4*'$

41/7(,"1,&(&/$N*24/$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

BE*$)2+,$"($7(,/14*'$>("#$+2.*>'+17$+,4$

D&,7"1(,+2$+))'(+7#*/C$

•  +&"(0+"*$"#*$1,"*.'+"1(,$1,$)/*&4(A"10*$$

•  #+,42*$L(,*/$E1"#$01R*4$0+"*'1+2/$$$$$$$$$$$$$$$$$$$$

BE*$)2+,$"($1,J*/"1.+"*$#1.#A('4*'$0+"*'1+2$

1,417+"('$D&,7"1(,/C$

!  6(0*$("#*'$'*7*,"$E('F$1,$W@56=M$

•  Q1.#A('4*'$P%3$#?)*'J1/7(/1"?$+/$+$2101"*'$+,4$

,*E$+'"H$J1/7(/1"?$()"1(,$BE1"#$5H@(,.8$=53OC$

•  YSO\0&2"1A7('*$+77*2*'+"1(,$(,$#*"*'(.*,*(&/$

7(0)&"*'$+'7#1"*7"&'*/$BE1"#$=Hd(,.8$O=hC$

Z"5>.)*509)'"0.*
"/("609&'*:,/69"&/*0/(*

"97*5&/&9&/)*
>'&i)69"&/*B"9$*0*
Y)'/79)"/*@07"7J*

3SgfX)*,3Sf-Od5$

(,$@@c@$%4.*$72&/"*'$


